We calculate analytically the most relevant nongravitational perturbations on the mean anomaly of LAGEOS type satellites in order to investigate the constraints they pose on the feasibility of the proposed general relativistic gravitomagnetic clock effect. The gravitoelectric contributions to the proper times induced by the perturbations on the Keplerian mean motions of two counter-orbiting satellites dedicated to this goal can be canceled out if a couple of LAGEOS type satellites with identical geometrical and physical features is assumed. However, there are relevant perturbations growing linearly and quadratically in time which could prevent to meet the stringent requirements on the maximum allowable errors on the radial and azimuthal satellites' locations needed to make feasible the detection of the gravitomagnetic clock effect.
Introduction
In [Iorio, 2000] we analyzed the gravitational static and dynamical perturbations affecting any couple of counter-orbiting near Earth satellites to be employed in order to detect the tiny general relativistic gravitomagnetic clock effect [Mashhoon et al., 1999a] in the field of our planet. In this paper we shall investigate the constraints posed to such demanding space experiment by the nongravitational perturbations [Milani et al., 1987] .
According to [Mashhoon et al., 1998; 1999a] , the expression for the satellites' proper times after one full revolution, for r >> R g = 2GM/c 2 and slow rotation of the central source, can be cast into the form:
with:
and:
In eqs.
(1)-(3) n is the satellite' s Keplerian mean motion n = GM/r 3 , G the Newtonian gravitational constant, c the speed of light in vacuo, M ⊕ the Earth's mass, J ⊕ the Earth's angular momentum, r is the radius of the circular, equatorial satellite' s orbit and ± refers to the satellite co-rotating with the Earth and to the counter-rotating one, respectively. In order to obtain the proper times difference of interest it is necessary that the gravitoelectric parts G.E. ± are exactly equal so that they cancel out in τ + − τ − leaving only:
in the field of the Earth. To this aim is of utmost importance the determination of the perturbations on the Keplerian mean motions ∆n of the satellites so to estabilish the conditions to be fulfilled in order to cancel out the perturbed gravitoelectric contributions:
(G.E. + + ∆G.E. + ) − (G.E. − + ∆G.E. − ) = δG.E.
∆G.E. = ∂G.E.
Indeed, if it was not δG.E. = 0 we could have:
with δG.E. which could mask the proper gravitomagnetic effect to be investigated [Mashhoon et al., 1999b] .
Moreover, passing to the context of the determination of the Lense-Thirring effect [Lense and Thirring, 1918; Ciufolini and Wheeler, 1995] by means of LAGEOS and LA-GEOS II, in [Ciufolini, 2000] it is sketched the possibility of use the residuals of the mean anomaly of LAGEOS II in a modified version of the former combined residuals proposed in [Ciufolini, 1996] .
In view of these two different applications to the gravitomagnetic experiments it has been decided to work out in some detail the nongravitational perturbations on the mean anomaly of LAGEOS type satellites. It must be stated that this work does not demand to offer the most refined physical models to be confronted to the most recent data available in order to solve some of the still remaining puzzling problems in LAGEOSs' motion. Rather, it intends to provide reliable estimates of the order of magnitude of those perturbative effects which may become competitive with the gravitomagnetic observables of interest and which may induce systematic errors greater than the maximum allowable errors in order to make feasible the considered gravitomagnetic experiment as for the clock effect [Gronwald et al., 1997] .
Until now, in general, concerning the perturbations nongravitational in origin acting upon LAGEOS type satellites relevant attention has been focused on some of their Keplerian orbital elements. In particular, the longitude of the ascending node Ω [Ciufolini, 1987; of LAGEOS and the longitude of the perigee ω of LAGEOS II [Métris et al., 1997; ] have been investigated, among other things, in the framework of the latest approach proposed by Ciufolini [1996] in order to detect the Lense-Thirring effect. The semimajor axis a of LAGEOS has been extensively studied [Barlier et al., 1986; Rubincam, 1980; 1982; 1990] in order to explain the anomalous along-track acceleration exhibited by LAGEOS consisting of an averaged value of −3.4 · 10 −10 cm s −2 modulated by several different long-period harmonics with amplitudes of the order of 10 −10 cm s −2 .
The author has performed only analytical calculations as far as it has been possible.
Concerning the subtle action of the the entry and the exit of the satellites in the Earth shadow, which affect the solar radiation pressure, the Earth albedo and the YarkovskySchach thermal emission, in general they cannot be modeled in an entirely analytic fashion so that only approximate order of magnitude estimates are given for the direct solar radiation pressure, the Earth albedo and the Yarkovsky-Schach effect.
For every perturbation treated only the long-term components have been considered by taking the averages over an orbital period of the perturbative rate equations. This is so because eq. (4) is valid whwn both the satellites have completed one orbital revolution.
The temporal averages have been replaced by spatial averages over the true anomaly f [Milani et al., 1987; Arnold, 1983; ].
The paper is organized as follows. Sec.2 is devoted to some useful preliminary notions on the perturbative scheme adopted. Sec.3, Sec.4, Sec.5 and Sec.6 deal with the perturbations of radiative origin: the direct solar radiation pressure, the Poynting-Robertson effect, the Earth albedo and the Earth IR radiation pressure. Sec.7 and Sec.8 are dedicated to the perturbing accelerations of thermal origin specific for the satellite considered:
the Yarkovsky-Schach and the Yarkovsky-Rubincam effects. In Sec.9 the effect of the atmospheric drag is investigated, Sec.10 is devoted to the effect of the Earth magnetic field.
In Sec.11 the results obtained are applied to the gravitoelectric parts of the satellites'
proper times. Sec.12 is devoted to the conclusions.
Some geometrical relations
The following two reference frames are used: K{x, y, z} and S{x R , x T , x N }. The former is a geocentric equatorial frame, assumed as inertial for our purposes, whose directions are identified by the unit vectors i, j, k. The x axis points towards the vernal point Υ, while the z axis is directed along the Earth's spin. The latter is a rotating frame attached with the satellite; i R , i T , i N are its orthogonal unit vectors related to the radial, alongtrack 1 and cross-track directions, respectively. According to the Gaussian perturbative scheme [Bertotti and Farinella, 1990] , the disturbing acceleration a dist is projected onto its directions as follow:
It will result useful to express i R , i T , i N in terms of the satellite Keplerian orbital elements:
i T = −(cos Ω sin u + cos i sin Ω cos u)i + (cos i cos Ω cos u − sin Ω sin u)j + sin i cos uk, (10)
The angles Ω, u, i appearing in eqs.(9)-(11) are, respectively [Sterne, 1960] :
The longitude of the ascending node measuring the departure, in the equatorial plane of K{x, y, z}, of the line of the nodes from the x axis;
The argument of latitude defined as u = ω + f , in which ω is the longitude of the perigee measuring, in the orbital plane, the position of the perigee with respect to the line of the nodes and f is the true anomaly counted positive counterclockwise starting from the perigee in the orbital plane;
The inclination angle of the orbital plane to the equatorial plane of K{x, y, z}.
In dealing with the perturbing accelerations of radiative origin the unit vectorŝ which points from the Earth to the Sun will be used. If ε denotes the inclination of the ecliptic to the equatorial plane of K{x, y, z} and λ ⊙ is the solar ecliptic longitude,ŝ can be written as [Sterne, 1960] :
The treatment of the perturbing accelerations of thermal origin involves the use of the satellite spin unit vectorξ and the related quantities (ŝ·ξ) and (ξ ·r d ) in whichr d accounts for the thermal lag angle [Rubincam, 1987] :
Eq. (14) has been obtained adding the thermal lag angle −δ to ω + f in the argument of latitude of eq.(9) and using the resulting unit vector asr d .
In dealing with the atmospheric drag the following relations concerning the eccentric anomaly E, defined by M = E − e sin E [Bertotti and Farinella, 1990] , will be employed:
where a is the satellite semimajor axis and e is the eccentricity of its orbit. The rate equation adopted in this work in order to account for the nongravitational perturbations on the mean anomaly is the following:
In eq.(21) ∆n(t) denotes the indirect effects on the mean motion n = GM ⊕ /a 3 due to the perturbations on a. At the first perturbative order [Milani et al., 1987] :
Concerning the semimajor axis, the rate equation adopted is [Milani et al., 1987; Schneider, 1988; Bertotti and Farinella, 1990] :
in which p = a(1 − e 2 ). It is eq.(23) that enters in eq.(22) by means of:
The term ∆( dM dt ), in general time dependent, accounts for the direct perturbative effects on the mean anomaly:
The rate equation for the perigee is [Schneider, 1988] :
so that eq.(25) becomes [Schneider, 1988] :
In eqs. (23)- (27) the modulus of the radius vector is given by:
it will be expanded in power series of e neglecting terms of order O(e 2 ).
The data employed are in the following table. In it P is the orbital period, P [X] is the period of the Keplerian element X, S/m is the satellite area-to-mass ratio, C R is its reflectivity constant, ǫ is its IR emissivity, δ is its thermal lag angle, T 0 is the average temperature of its retroreflectors, ∆T is the temperature difference between the hotter and cooler poles of the retroreflectors, C D is its drag coefficient, q is its electric charge, I 0 is the solar constant, A is the mean Earth albedo, R ⊕ is the Earth mean equatorial radius, ω ⊕ = ω ⊕ k is the mean Earth angular velocity, ε is the angle between the ecliptic and the equatorial plane, σ is the Stefan-Boltzmann constant and c is the velocity of light in vacuo: 
ω ⊕ = 7.29 · 10 −5 rad s 
The parameters S/m, C R , ǫ, T 0 , ∆T , q and C D are assumed to be the same for both LAGEOS and LAGEOS II.
Effect of direct solar radiation pressure
The perturbing acceleration due to direct solar radiation pressure can be approximately written as ]:
where:
In eq. (58) 
The radial-track and along-track components of a ⊙ , according to eqs. (9)- (10) and eq.(12), are:
We shall begin with ∆n defined by eq.(22). Inserting eqs. (62)- (63) in eq. (23) we
Before starting with cumbersome calculations, there is an elegant argument which allows to understand quickly that < 
Using eq. (62) and eq. (65) and averaging over one orbital period the first nonzero contribution is of order O(e), so that we obtain:
Concerning − 1−e 2 nae [−R cos f + T (1 + r p ) sin f ], using eqs. (62)- (63) and noting that:
the first nonzero term in the average over one orbital revolution is of zero order in e, while the contributions of order O(e) vanish. Finally, we obtain:
Note that, at order zero in e, the term −
the rate equation for the perigee, apart from the sign. In ] the eccentricity vector formalism (Milani et al. 1987 ) was adopted for the perigee, neglecting the eclipses, so that we can compare eqs. (73)- (78) with the results of , at zero order in e. They agree, apart from eq.(77). We have repeated the calculations for the perigee both with the eccentricity vector formalism and the Gaussian formalism, at zero order in e, and we found the same results, together with eq. (77), apart from the sign. It is interesting to note that setting Ω = ω = i = 0 in eqs. (73)- (78) leads to a signal proportional to cos λ ⊙ .
This agrees with the theorem proved in [Milani et al., 1987] according to which, using Now we shall try to extend our analysis also to the arcs in which the satellite orbit intersects the Earth shadow. For this subtle topic see, e.g. [Kozai, 1961; Ferraz-Mello, 1972; Aksnes, 1976; Vokrouhlický et al., 1993c; 1994; Vespe, 1999] . The phenomenon of the eclipses depends on the motion of the Sun with respect to the satellite orbital plane and, in K{x, y, z}, its frequency is 2(λ ⊙ −Ω) since, for any orientation of the orbital plane, if λ ⊙ → λ ⊙ + π the eclipses take place on the other side of the Earth in the same manner.
The maximum effect occurs whenŝ lies in the orbital plane. In order to perform analytical estimates of the long-term perturbations induced on the rate of the mean anomaly during the arcs affected by the eclipses, we shall greatly simplify the problem. We shall work at zero order in e by considering a perfectly cylindrical shadow and neglecting any penumbra effects due to the action of the Earth atmosphere [Vokrouhlický et al., 1993c; 1994; .
Moreover, we shall assume that this configuration is enlightened by a parallel beam of solar light and that a ⊙ is uniform and constant in all the points of the orbit in sunlight.
We shall count the satellite anomaly from the trace ofŝ in the orbital plane, so that the the entry and exit anomalies f 1 and f 2 will result equal and opposite. With these approximations the arc in the shadow span an angular interval symmetric with respect to the projection ofŝ on the orbital plane; its amplitude is 0
It can be evaluated as ∆f = vt ecl /a = 53.2 deg with v ≃ na = 5.7 · 10 5 cm s −1 and t ecl ≃ 2 · 10 3 s. In order to perform some calculations it is very important to understand the behaviour of the radial and along-track components of a ⊙ over the whole of an orbit affected by the eclipses. By considering that a ⊙ , when present, is uniform and constant on the satellite orbit, for any couple of opposite points P and P ′ , both in full sunlight, it is easy to recognize that R(P ) = −R(P ′ ), T (P ) = −T (P ′ ). This is no longer true if P is in the shadow and P ′ is illuminated, or vice versa, by assuming that a ⊙ suddenly disappears at the shadow entry. At this stage the satellite receives a kick forward by the along-track component which accelerates it, while at the shadow exit it receives a kick backward being decelerated. So, it will be an orbital arc not affected by the solar radiation pressure facing the dark hemisphere of the Earth, and another equal arc in full sunlight, on the opposite side of the Earth, in which, in general, R and T do not compensate themselves. It is such an arc that contributes, over an orbital revolution, to the perturbative effect. It can be recognized that on its points R is an even function which starts from a certain value at the shadow entry, reaches its maximum value | R| = a ⊙ at the middle of the arc and decreases taking at the exit the same values previously assumed at the entry. This means that we can pose:
with A given by eq.(60). On the contrary, the along-track component T is an odd function which vanishes at the middle of the arc. It can be written:
This means that, at zero order in e, on the arc considered, T averages out, while R does not compensate itself. Moreover, note that from eq.(60) follows that if
is not equal to R(λ ⊙ + π) so that the long-term evolution of R should be modulated by the frequencies λ ⊙ ± Ω.
The previous considerations and an inspection of eq. (23) allow to recognize that, at zero order in e, ∆a| ∆f ≡ f 2 f 1ȧ = 0. Indeed, R sin f is odd and vanishes when integrated on ∆f ; T , as already explained, averages out on ∆f since it is odd and the same holds for T cos f . In this sense the eclipses effects of the solar radiation pressure on the semimajor axis are of zero order in e. Consequently, ∆n| ∆f = 0.
, at zero order in e, it does not vanish since R is even on ∆f .
Indeed:
It is worthwhile noting that the frequencies previously predicted have been obtained. Also
sin f ] contributes since on ∆f the terms R cos f and T sin f are even. By using eqs. (79)- (80) and eq.(60) it can be worked out:
In Tab 
The Poynting-Robertson effect
The total radiation pressure acceleration on a satellite is given by [Robertson, 1937; Allan, 1967; Soter et al., 1977] :
in which the first term is the already investigated a ⊙ and w = v − V ⊙ is the satellite velocity relative to the Sun. In dealing with the long-term effects averaged over a satellite orbital revolution we shall assume
In the following the eclipses effects will be neglected.
We shall start with:
where
According to eqs. (19)- (20) and neglecting terms of order O(e 2 ), eq.(84) induces on the semimajor axis a constant rate:
Concerning LAGEOS, it leads to < T > 2π = −6.82 · 10 −12 cm s −2 which amounts to 2% of the observed LAGEOS along-track acceleration. Such a constant drift in the semimajor axis causes a linear rate for ∆n whose amplitude is 3428 mas yr −2 for LAGEOS and
), neglecting terms of order O(e 2 ), averages out over a satellite orbital revolution.
More cumbersome is dealing with:
By inverting eqs. (9)- (11), using eq. (12) and eqs. (19)- (20) it is possible to write down the radial and along-track components of eq.(86). We have for the radial direction:
with: (91) with J = −O, Q = P . The along-track component is:
with W = −M. Concerning the semimajor axis, from eq. (87) it can be shown that, at zero order in e, the radial term of eq.(23) averages out, while its along-track contribution reduces to 2 n < T > 2π :
Note that for Ω = ω = i = 0, g 1 = 4 − 2 sin ε 2 , g 2 = 2 sin ε 2 and eqs. (96)- (101) vanish.
This result has been confirmed by calculating explicitly < T > 2π , at zero order in e, in
This does not contradict the theorem cited in the previous Section since, in this case, the {x ′ } and {y ′ } components of a
Eq. (93) shows that, contrary to a , its average is of the order of 10 −1 mas/y so that it is negligible.
Moreover, it results that, at zero order in e, − 1−e 2 nae
out.
Effect of the Earth albedo
The problem of the effect of the Earth albedo on the satellite motion is not an easy one and has been addressed by several authors: see, for example, [Anselmo et al., 1983; Borderies and Longaretti, 1990; Vokrouhlický et al., 1993a; 1993b; Vokrouhlický and Farinella, 1995a; 1995b; Martin and Rubincam, 1996; Métris et al., 1997] . In general, the optical properties of Earth surface are neither uniform nor constant [Anselmo et al., 1983] , so that a alb , contrary to a ⊙ , changes in the various parts of a satellite revolution half of which is in darkness. As a first approximation, we shall consider an uniform and constant albedo. According to (Métris et al. 1997) and (Borderies & Longaretti 1990 ) the disturbing acceleration due to Earth reflected sunlight can be cast into the form:
For the radial and along-track components of a alb , according to eq.(106), we have:
According to [Levine, 1962] , while R is almost insensitive to the Earth albedo variations, this does not hold for T . If it also did not depend from the features of Earth albedo, at zero order in e, < T > 2π would vanish since, by assuming that over the half orbit spent "in day" the satellite feels a force that is uniform and constant in absolute value, as for the solar radiation pressure, T would compensate itself from the entry to the exit of the illuminated hemisphere. This means that the following calculations retain their validity only as far as R is concerned.
The calculations for < ∆n > 2π and < ∆( dM dt ) > 2π account for the fact that in the averaging process the integrals over [0, 2π] are substituted by integrals over [0, π] . For the semimajor axis, by considering only the radial component, we obtain:
Concerning ∆(
> 2π is negligible. Indeed, the first nonvanishing contribution is of order O(e):
Only zero order terms in e are non vanishing in
that we get:
Note that this result has been obtained by considering a uniform albedo also for T . This assumption may be justified by the fact that, at zero order in e, − 1−e 2 nae [ −R cos f +T (1+ r p ) sin f ] holds also for the perigee rate, and in [Métris et al., 1997] it is shown that, for LAGEOS, the influence of albedo variability on such an orbital element is negligible.
Tab.4 and Tab.5 contain the numerical values pertaining ∆n and ∆( dM dt
). The periods of the albedo perturbations are the same of those due to direct solar radiation pressure. In order to obtain a more accurate estimate of the effect of T on ∆n, we can follow the simple analytical model of [Anselmo et al., 1983] for the behaviour of the semimajor axis.
In it a latitudinal anisotropic Earth albedo is accounted for together with its seasonal variation. At zero order in e, it results:
B alb = 5.6 · 10 −11 cm s −2 .
A alb and κ account for the seasonal variation and B alb refers to the mean hemispheric asymmetry. The results for eq.(126) are quoted in Tab.6. They show that the effect of the albedo variability on T cannot be neglected. For LAGEOS the most powerful signal has a period of 1043.67 days and an amplitude of 11750 mas/y. LAGEOS II results to be more sensible to a signal with 569.21 days and -5472 mas/y. With respect to the effects of the radial part of a alb , T induces long-periodic terms whose order of magnitude is almost the same but with different periodicities. The contributions of the penumbra effect and the role played by the atmosphere has not been considered; for these topics see, e.g. [Vokrouhlický et al., 1993a; 1993b; Vokrouhlický and Farinella, 1995b] .
6 Effect of the Earth IR radiation pressure
The Earth thermal emissivity E can be modeled in a form of latitude-dependent spherical harmonic expansion on a spherical Earth surface [Sehnal, 1981] :
where φ is the terrestrial latitude and [Sehnal, 1981; Stephens et al., 1981; Comiso, 1994] :
We shall examine firstly the effects of the time-independent zonal coefficients E 0 and E 2 . [1981] worked out the averaged rate equations for all the Keplerian orbital elements of a spherical satellite, except for the mean anomaly.
Sehnal
About the semimajor axis, we have:
This gives a contribution to ∆n proportional to:
For LAGEOS eq. (139) gives −2.93 · 10 −1 mas/y, while for LAGEOS II it gives 1· mas/y, so that they are negligible.
Now we shall deal with ∆( dM dt
). The radial acceleration results to be [Sehnal, 1981] :
in which P 2 (x) =
is the Legendre polynomial of 2nd degree, δ s is the satellite declination and sin δ s = sin i sin u. It will be used, firstly, in order to evaluate − 2 na R r a .
Concerning the term with E 0 in eq. (140), at zero order in e, it gives:
Eq. (141) , it results to be negligible. Indeed, by considering that:
and neglecting the terms of higher order in (
, it is possible to work out:
For LAGEOS eq.(143) gives 1.5 mas/y, while for LAGEOS II it gives −2.5 · 10 −1 mas/y.
, it gives no appreciable contribution: it can be seen using in eq. (25) the expressions for the rates of the node and perigee worked out by Sehnal [1981] adapted to LAGEOS and LAGEOS II, and reasoning as done for the semimajor axis.
Now we shall focus our attention on the E 1 coefficient. Although it seems to show seasonal or long periodic variations [Knocke et al., 1988] , we shall treat it as constant in order to give an order of magnitude of the effect induced by it. Concerning the radial-track and along-track accelerations, Métris et al. [1997] give:
For LAGEOS type satellites:
Defining β = √ 1 − α 2 , with α given by eq.(108), the functions ψ 1 (a) and ψ 2 (a) are given by:
Since 1/β = 1.17 is positive, we shall consider the arccosh(x) function in eqs. (149)- (150) as the inverse of the restriction of cosh(x) to the positive x axis, so that we shall take the + sign for arccosh(1/β) in eqs. (149)- (150). This leads to:
ψ 2 (a) = 1.9 · 10 −1 .
Concerning the semimajor axis, eq.(145) vanishes when mediated over an orbital revolution, so that:
and, consequently:
Eq.(154) leads for < ∆n > 2π to a long periodic signal with the period of satellite perigee and an amplitude of 2129 mas/y for LAGEOS and of −2682 mas/y for LAGEOS II.
It can be seen that the contribution of < − at order O(e):
Eq. (155) gives an amplitude of 2827 mas/yr for LAGEOS, and of 767 mas/y for LAGEOS II. We can state that the E 1 part of the IR Earth' s emissivity, assumed in a first approximation as constant in time, induces on the mean anomaly of LAGEOS and LAGEOS II periodical perturbations of period equal to that of satellites' perigee; the indirect and direct effects are, for both satellites, almost of the same order of magnitude amounting to 10 3 mas/y. LAGEOS and LAGEOS II show the same sensibility to such effects.
Yarkovsky-Schach effect
The Yarkovsky-Schach effect Afonso et al., 1989 ] is due to the heating of the satellite by the direct solar radiation. It causes an anisotropic IR radiation emanating from the satellite surface, in particular from the retroreflectors, which leads to a perturbing acceleration directed mainly along the satellite spin axis (if the fast rotation approximation is satisfied). It can be cast into the form:
with a Y S = 16 9 ǫσ c S m T 3 0 ∆T ≃ 5.9 · 10 −9 cm s −2 for LAGEOS type satellites [Afonso et al., 1989 ]. In the following we shall neglect the effects of eclipses since they are difficult to treat analytically [Afonso et al., 1989] , involving the relaxation time of the satellite which accounts for its thermal inertia.
Concerning ∆n, it results that:
Working as done for the solar radiation pressure with eq.(23), it is easy to recognize that the averaged along-track acceleration vanishes. Finally, at order O(e), we obtain:
By inserting eq.(13) in eqs. (159)- (160), eq.(161) becomes:
in which:
After integrating eq.(162) and multiplying it by −3n/2a it is possible to obtain < ∆n > 2π .
No constant or linear terms arise. In Tab.7 we quote the numerical results. Note that, although ∆n is demultiplied by e, they are not negligible. LAGEOS II results to be slightly more sensible than LAGEOS to the Yarkovsky-Schach effect; for both satellites the order of magnitude is 10 3 mas/y apart from the signals with periods 4241 and 657 days for LAGEOS II whose amplitudes amount to 76284 and -11857 mas/y, respectively.
However, it should kept in mind that such values refer to the situation in whichŝ is normal to the orbital plane, so that the whole orbit is in full sunlight (no eclipses). Moreover, they have to be multiplied by the coefficients given by eqs. (163)- (172) which are not included in the results of Tab.7. They depend on ε, i and the satellite spin axis components; for LAGEOS at the moment of launch they were [Rubincam, 1987] :
However, finally the Earth magnetic field should align the satellite spin axis to the z axis of K{x, y, z} so that:
In this case, eqs. (163)- (171) will vanish and eq.(172) will reduce to:
In fact this aspect of the LAGEOS spin dynamics is debated [Afonso et al., 1989] , it is better to consider the satellite spin axis components as free parameters. For this topic see also [Bertotti and Iess, 1991; .
Concerning ∆( dM dt
), we shall start with − 2 na R r a
. It is possible to show that, at zero order in e, its average over an orbital period vanishes. At order O(e) we have an harmonic expansion whose terms are proportional to a Y S e/4na; they are of order 10 −2 mas/y for LAGEOS and 10 −1 mas/y for LAGEOS II, so that they can be neglected. The situation is
The first nonvanishing contribution is of order zero in e, so that:
As noted for the solar radiation pressure, at order zero in e, − 1−e 2 nae [ −R cos f + T (1 + r p ) sin f ] coincides to the rate equation for the perigee apart from the sign. In ] the Yarkovsky-Schach effect on the perigee has been worked out, at zero order in e, with the eccentricity vector formalism. Its results, apart from the sign, agree with those obtained here in eqs. (180)- (190).
The common factor 3a Y S /2nae amounts to 1400 mas/y for LAGEOS and 449 mas/y for LAGEOS II; this means that ∆( dM dt ) contributes to the total rate at the same level of ∆n for LAGEOS, but it is smaller than ∆n of one or two order of magnitude for LAGEOS II. When it will be:
only eq.(185) will be nonzero:
Concerning the arcs in which the satellite orbit intersects the Earth shadow, from a geometric point of view the situation is quite similar to the case of solar radiation pressure, but it differs from it as far as the satellite behaviour is concerned. Indeed, while in the former case the perturbing acceleration suddenly disappears at the entry in the Earth shadow, in this case the matter is more intricated due to the thermal inertia of the satellite accounted for by its relaxation time and its duration relative to the time spent by the satellite in darkness. In [Afonso et al., 1989] it is possible to find detailed calculations about the behaviour of the LAGEOS semimajor axis which can be applied to calculate ∆n. In Tab.8 the numerical values are quoted. They refer to the choice of ξ x , ξ y , ξ z which gives the largest effect on the semimajor axis. The relaxation time is assumed to be τ = 3270 s. It is interesting to note that, apart from long-period harmonics with amplitudes of the order of 10 2 − 10 3 mas/y, there is also a relevant linear term which leads to a quadratic effect in M. Its amplitude amounts to −33.090 mas yr −2 .
Rubincam effect
Another consequence of the IR radiation from Earth, different from the action of its direct radiation pressure, analyzed in Sec.4, which affects any orbiting artificial satellite, is the Yarkovsky-Rubincam effect. It consists in an anisotropic IR radiation from the retroreflectors of LAGEOS which cause a perturbing acceleration directed along the satellite spin axis [Rubincam, 1987] . This effect, like the Yarkovsky-Schach effect, is specific of the satellite being investigated pertaining its proper material structure and its state of motion. The perturbing acceleration due to the Rubincam effect can be cast into the form:
with a Rub ≃ 6.8 · 10 −10 cm s −2 for LAGEOS type satellites [Ciufolini, 1997] . We shall start with ∆n. Let us define:
The radial and along-track components of a Rub , with the aid of eqs. (9)- (10) and eq. (14), can be written as:
When eqs. (198)- (199), together with eqs. (196)- (197), are put into eq. (23), it can be shown that:
so that:
Rearranging suitably the trigonometric functions, eq.(201) becomes:
Rub sin δ n (r 0 + r 1 cos 2Ω + r 2 sin 2Ω + r 3 cos Ω + r 4 sin Ω),
Eqs. (202)- (207) agree with those obtained in [Rubincam, 1990] . ∆n can be obtained by integrating eq. (202) and multiplying it by −3n/2a. In Tab.9 we quote the numerical results for the amplitudes of ∆n; in them the coefficients depending upon the inclination and the satellite spin axis components are not included. The order of magnitude of the long-periodic terms amounts to 10 4 mas/y, apart from the LAGEOS II signal with period of 284 days and amplitude of 5473 mas/y. An interesting feature of the indirect Rubincam effect on n is the presence of a relevant linear term whose amplitude is of the order of 10 5 mas/y −2 ; when integrated it give rise to a quadratic effect in the mean anomaly.
Moreover, it will not vanish if the satellite spin axis will be aligned with the Earth spin, contrary to all other contributions.
Now we focus our attention on ∆( dM dt
). Let us start with − 2 na R r a
. By employing eqs. (196)- (197) and eq. (198), it is possible to obtain, at zero order in e (the contribution of order O(e) vanishes on an orbital period): (208) with:
It is worthwhile noting the presence of the constant term due to ρ 0 which leads to a secular trend in the mean anomaly. The common amplitude a Rub cos δ/2na is very tiny, amounting to almost 2.2 mas/y for both the satellites: the Earth magnetic field, if it will result that the satellite spin axis will align itself to the z axis of K{x, y, z}, will make zero eqs. (210)- (213) leaving only ρ 0 = 2 (1 − cos i 2 ). Concerning
, it can be shown that:
exactly and that, at zero order in e, it results:
At order O(e) the along-track contribution to ∆(
) is different from zero, so that:
When ξ x = ξ y = 0, ξ z = 1, eqs.(217)-(224) will vanish and eq.(225) will reduce to − sin i 2 .
Also in this case the common amplitude a Rub /8na is small: it amounts to 9.3 mas/y for LAGEOS and 9 · 10 −1 for LAGEOS II. So, it can be concluded that the Rubincam effect on the rate equation for the mean anomaly is mainly due to ∆n. Comparing the action of the two perturbing accelerations of thermal origin examined here, the Yarkovsky-Schach and Rubincam effects, it can be stated that for both them ∆n is more effective than
), and that the Rubincam effect is more powerful in perturbing the mean anomaly of LAGEOS and LAGEOS II, especially through the term which is quadratic in time.
Effect of the atmospheric drag
The drag acceleration undergone by a spherical satellite [Sterne, 1960] can be written as:
where V is the satellite velocity relative to the atmosphere. Assuming that at the altitude of LAGEOS, almost 6000 km, the exosphere corotates with the Earth, with respect to K{x, y, z} it can be posed:
As a first approximation, it will be assumed that the Earth atmosphere, of density ̺(r) [Hedin, 1987; Tribble, 1995] , is at rest in K{x, y, z} [Bertotti and Farinella, 1990] . In this
Concerning ∆n, according to eqs. (19)- (20), we have:
Using eq. (16) and eq. (18) it is possible to obtain:
In the case of LAGEOS type satellites eq. (229) can be notably simplified. Indeed, on an orbital period ̺ can be considered almost constant and, at order O(e):
(1 + e cos E)
(1 − e cos E) 1/2 ≃ 1 + 2e cos E.
With these assumptions, with C D ≃ 4.9 [Afonso et al., 1985] , we can obtain:
At LAGEOS and LAGEOS II altitude, almost 6000 Km, the value of the neutral mass atmospheric density is barely detectable: it could be very difficult to rely on any atmospheric model at such altitude. According to [Rubincam, 1982; Afonso et al., 1985] the number density in the exosphere, at the altitude of LAGEOS, is almost 5 · 10 3 cm −3 for hydrogen. Being m p = 1.67 · 10 −24 g, this leads to ̺ ≃ 8.4 · 10 −21 g cm −3 . Inserting this value in eq.(231) one obtains < ∆n > 2π = 1.5 mas/y which is negligible for all conceivable applications. Concerning the charged component of the atmospheric drag acceleration, it can be obtained from the neutral drag one by multiplying it by s = 1 − 5.14V 0 [Ciufolini et al., 1997] , where V 0 is the satellite potential (in Volts). For LAGEOS V 0 ≃ −1V [Ciufolini, 1989] . By accounting for the contribution of H + , He + , O + , [Rubincam, [1990] found a + D ≃ −0.52 · 10 −10 cm s −2 . By assuming v ≃ 2πa/P = 5.7 · 10 −5 cm s −1 , from eq.(226) it can be inferred ̺ + ≃ 1.54 · 10 −21 g cm −3 , so that < ∆n > + 2π ≃ 2.8 · 10 −1 mas/y.
It is easy to recognize that the contribution of the atmospheric drag to ∆(
Indeed, by means of eq.(19), we have:
Eqs. (16)- (17), eq.(232) becomes, at zero order in e:
which vanishes when mediated over an orbital period. The same holds for − √ 1 − e 2 (ω + cos iΩ ) since it results to be an odd function of the eccentric anomaly. It can be concluded that the effect of atmospheric neutral particle drag is negligible on the mean anomaly rate of LAGEOS and LAGEOS II.
The effect of the Earth exosphere rotation will be now investigated. In this case, it is useful projecting V onto S{x R , x T , x N }. In K{x, y, z} the velocity of the exosphere can be written as ω ⊕ × r = ω ⊕ (−yi + xj). By inverting eqs. (9)- (11) and noting that:
it can be obtained:
At zero order in e and by neglecting terms quadratic in ω ⊕ , from eq.(237) it can be derived:
By posing
̺ and using eqs. (237)- (238) with eqs. (19)- (20) the radial-track and along-track components of a D can be worked out, at order O(e):
Concerning ∆n, by neglecting terms of order O(e 2 ), from eq. (23) and eqs. (239)- (240) it can be worked out:
This shows that the atmospheric drag, if the rotation of the exosphere is accounted for, induces on the mean anomaly a linear rate which accumulates quadratically in time.
Its effect is relevant since, by assuming for the neutral component of the atmosphere ̺ ≃
8.4·10
−21 g cm −3 which leads to K D = −1.41·10 −22 cm −1 , eq. (242) (241) allows to refine the estimates of the atmospheric drag contribution to the unexplained along-track LAGEOS acceleration. Indeed, from eq. (241) it can be derived:
For neutral particles this leads to −5.08 · 10 −11 cm s −2 for LAGEOS. Such a value, which amounts to 15% of < T > ), by inspecting eqs. (239)- (240) it is easy to recognize that its average over an orbital revolution vanishes.
The effect of the Earth magnetic field
The Earth magnetic field can be approximately represented by a centered dipole whose magnetic moment amounts to µ ⊕ ≃ 8 · 10 25 gauss cm 3 [Tribble, 1995] . In order to simplify the calculations, we shall assume that it is aligned with the z axis of K{x, y, z} leading to B = B R i R + B θ i θ with:
where θ is the geocentric colatitude and ϕ is the longitude. Carrying LAGEOS an electric charge q ≃ −3 · 10 −11 C [Rubincam, 1982] , it is acted upon by the Earth magnetic field by means of the Lorentz force and experiences a perturbing acceleration given by:
In order to use eq. (248) in the Gaussian rate equations we must project the magnetic field onto S{x R , x T , x N }. From:
we obtain:
sin ϕ = cos u sin Ω + cos i sin u cos Ω √ cos u 2 + cos i 2 sin u 2 .
Using eqs. (252)- (255) in eqs. (244)- (247) and inverting eqs. (9)- (11), it is possible to obtain:
Eqs. (256)- (258) with eqs. (19)- (20) allow to obtain the radial and along-track components of a B . At order O(e) they are:
Using eqs. (259)- (260) 
Eqs. (261)- (262) 11 The nongravitational perturbations on the Keplerian mean motion and the gravitomagnetic clock effect
In the context of the gravitomagnetic clock effect, from the previous Sections it can be noted that, in general, ∆n depends on the characteristics of the satellite being considered via the area-to-mass ratio S/m and the coefficients C R , C D . This means that in view of the cancellation of the perturbed gravitoelectric parts G.E. ± + ∆G.E. ± the satellites to be employed should be as more identical as possible in all their geometrical and physical features. So, we shall assume to consider a couple of identical, e.g. LAGEOS type, satellites placed in two circular, equatorial orbits around the Earth at an arbitrary height since the gravitomagnetic clock effect does not depend on it.
By inspecting the analytical expressions for ∆n and evaluating them for e = i = 0, it can be easily estabilished that the following nongravitational perturbations do not affect, over an orbital period, the Keplerian mean motion and, consequently, the gravitomagnetic proper time difference.
• Direct solar radiation pressure (no eclipses effects)
• Eclipses of the direct solar radiation pressure
• Albedo
• Earth IR direct radiation pressure
• Yarkovsky-Schach effect
• Earth' s magnetic field
On the contrary, the following perturbations, in general, do affect the Keplerian mean motion of a satellite in a circular, equatorial orbit.
• Poynting-Robertson effect
• Rubincam effect (if present in the satellite being considered)
• atmospheric drag
Now we shall work out the analytical expressions of such perturbations.
Concerning the Poynting-Robertson effect, a
P R in eq.(84) yields:
Moreover a
P R in eq.(86) yields a linear and a harmonic term which averages out in half a solar year:
By combining eqs. (263)- (264) one obtain the total Poynting-Robertson perturbation on the Keplerian mean motion:
The Rubincam effect depends on the orientation of the satellite' s spin axis: it can be shown that if we choose a satellite spinning in the same direction of the Earth such perturbation vanishes. Indeed, by inspecting eqs. (202)- (207), it is possible to obtain:
It vanishes if ξ z = ±1.
Finally, we consider the effect of the atmospheric drag by including the exosphere co-rotation. Eq.(242) yields:
Concerning the effect of the Earth' s gravitational field on ∆n, it shold be noted that it does not generate perturbations averaged over an orbital period since both the long-period statical and dynamical perturbations on the satellite' s semimajor axis vanish [Kaula, 1966; Christodoulidis et al., 1988] .
Conclusions
The results obtained for the nongravitational perturbations on the mean anomaly of passive, spherical, low area-to mass ratio satellites like LAGEOS II can be summarized as follows. About the employing the mean anomalies of LAGEOS and LAGEOS II in building up some new residual combination in order to detect the Lense-Thirring effect, the presence of so relevant linear and quadratic in time perturbations forces to devise some expedient in order to cancel out them. In [Ciufolini, 2000] major details on such topic are not released.
Concerning the gravitomagnetic clock effect, the results obtained show that in order to obtain δG.E. = 0 the better solution would consist in employing a couple of LAGEOS type satellites whose spin axes are directed along the Earth' s one; they should be built up very carefully in order to obtain exactly the same geometrical and physical properties.
This could avoid that the proper gravitomagnetic clock effect is masked by not canceled out gravitoelectric contributions. However, as already noted in [Iorio, 2000] for the gravitational perturbations, there are certain stringent constraints on the maximum allowable radial and azimuthal errors δr max and δφ max which could hardly be fulfilled due to the linear and quadratic perturbations ∆r and ∆φ caused by the nongravitational forces.
13 Tables   Direct solar radiation Table 6 : Perturbative amplitudes of the rates of the mean anomaly of LAGEOS and LAGEOS II due to the Earth s albedo: ∆n. The effects of the eclipses and the non uniformity of the albedo have been included according to the model of Anselmo et al. [1993] . P and A denotes the periods, in days, and the amplitudes, in milliarcsecond/y, respectively. The functions of the arguments listed in the first column are sines for the first two and the last constituents, being cosines for the remaining ones. For the last constituent κ = jπ, j = ±0, 1, 2.. has been assumed in order to evaluate the maximum possible effect. Table 7 : Perturbative amplitudes of the rates of the mean anomaly of LAGEOS and LAGEOS II due to the Yarkovsky-Schach effect: cross coupling with the perturbations on the semimajor axis. P and A denotes the periods, in days, and the amplitudes, in milliarcsecond/y, respectively. The values for A does not include the multiplicative adimensional coefficients depending on i, ε and the satellite spin axis components. The functions of the arguments listed in the first column are cosines and sines. The eclipses effects have been neglected. Table 8 : Perturbative amplitudes of the rate of the mean anomaly of LAGEOS due to the YarkovskySchach effect: cross coupling with the perturbations on the semimajor axis. P and A denotes the periods, in days, and the amplitudes, in milliarcsecond/y, respectively. The amplitude of the linear term is in mas yr −2 . The eclipses effects have been included according to the model of [Afonso et al., 1989] . The values for A, depending on i, ε and the satellite spin axis components, refers to the maximum possible effect. The functions of the arguments listed in the first column are sines. Table 9 : Perturbative amplitudes of the rates of the mean anomaly of LAGEOS and LAGEOS II due to the Rubincam effect: P and A denotes the periods, in days, and the amplitudes, in milliarcsecond/y, respectively. The values for A does not include the multiplicative adimensional coefficients depending on i, ε and the satellite' s spin axis components. The amplitudes of the linear terms are in mas/yr −2 .
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